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Abstract—Many exist localization algorithms are unbiased
estimators. However, the estimation performance presents biased
feature in the real location systems. On the other hand, many
biased location estimators show advantages that unbiased esti-
mators can not achieve, e.g., robust to the noise, more accurate
estimation and low complexity. In this paper, we propose a biased
localization estimator and a hybrid Kalman filtering algorithm.
The proposed algorithm is robust to the complicated environment
with high accuracy. Both theoretical analysis and experimental
evaluation indicate that the proposed algorithm outperform the
unbiased optimal estimation methods.

Index Terms—wireless sensor network, Cramér-Rao lower
bound, biased estimation, min-max algorithm, unscented Kalman
filter

I. INTRODUCTION

The growing demand of location-based services (LBS) has
resulted in the need of implementing a robust localization sys-
tem [1]. Many unbiased estimators, e.g., maximum likelihood
(ML), maximum a posterior method (MAP) , particle filter
and Kalman filter [2], can achieve a highly accurate position
estimation given a proper distribution model. However, the
performances of these estimators are also degraded when
the pre-assumed error distributions do not work well in the
complicated environment.

In addition to the unbiased estimators, there are various
kinds of biased estimators applied in the localization systems.
These biased estimators are mainly designed based on the
geometry methods to solve the localization problems, e.g.,
trilateration method, min-max algorithm which is also denoted
by bounding-box, centroid method and geo-n method [3]. In
general, the biased estimators obtain less accurate estimation
than unbiased estimators. However, biased estimators also
show some advantages that the unbiased estimators can not
achieve. Firstly, most of the biased estimators are easily solved
with very low complexity [4]. Secondly, the biased estimators
are not sensitive to the wireless noise [5]. Therefore, locating
the target with assists of the biased estimators can achieve
high robust and accurate estimations if the bias is mitigated
properly. In this paper, we investigate a commonly used biased
location estimator, which is the min-max algorithm, to design
a high accurate localization method. We propose a biased

constrain hybrid Kalman filter (BC-HKF) to track the target
in the non-Gaussian complicated indoor environment.

II. BEYOND THE UNBIASED LOCATION ESTIMATOR

A. System Model

The position state of the target is denoted by 𝒙𝑡 =
[𝑝𝑋𝑡 𝑝𝑌𝑡 ]

𝑇 . The wireless devices with known positions are
called anchors, which is denoted by a𝑗 = [𝑎𝑋𝑗 𝑎𝑌𝑗 ]

𝑇 . The
range measurement is generally expressed as the measurement
vector z𝑡:

z𝑡 = h𝑡(𝒙𝑡) + v𝑡 (1)

where z𝑡 = [𝑧1𝑡 . . . 𝑧
𝑗
𝑡 . . . 𝑧

𝑁
𝑡 ]𝑇 is the measurement vector, and

𝑁 denotes the number of anchors. For each element in z𝑡, the
range measurement can be simply expressed as:

𝑧𝑗𝑡 = ℎ𝑗
𝑡 (𝒙𝑡) =

√
(𝑝𝑋𝑡 − 𝑎𝑋𝑗 )2 + (𝑝𝑌𝑡 − 𝑎𝑌𝑗 )

2 (2)

B. Naive Min-Max
Min-max algorithm, also known as bounding-box algorithm,

is a simple and straightforward estimator. The main idea is
to build a square region (like a box) around the anchor. The
box is drawn according to the anchor’s position and the range
measurement: [𝑎𝑋𝑗 − 𝑧𝑗𝑡 , 𝑎

𝑌
𝑗 − 𝑧𝑗𝑡 ] × [𝑎𝑋𝑗 + 𝑧𝑗𝑡 , 𝑎

𝑌
𝑗 + 𝑧𝑗𝑡 ]. The

estimated position is in the center of the intersections of these
squares. And the intersections are determined by:

[𝑚𝑎𝑥(𝑎𝑋
𝑗−𝑧𝑗𝑡 ),𝑚𝑎𝑥(𝑎𝑌

𝑗−𝑧𝑗𝑡 )]× [𝑚𝑖𝑛(𝑎𝑋
𝑗+𝑧𝑗𝑡 ),𝑚𝑖𝑛(𝑎𝑌

𝑗+𝑧𝑗𝑡 )] (3)

where each element indicate the boundary of the rectangle
intersection. Then, the estimation is:{

𝑝𝑋𝑡 = 1
2 (𝑚𝑖𝑛(𝑎𝑋𝑗 + 𝑧𝑗𝑡 ) +𝑚𝑎𝑥(𝑎𝑋𝑗 − 𝑧𝑗𝑡 ))

𝑝𝑌𝑡 = 1
2 (𝑚𝑖𝑛(𝑎𝑌𝑗 + 𝑧𝑗𝑡 ) +𝑚𝑎𝑥(𝑎𝑌𝑗 − 𝑧𝑗𝑡 ))

(4)

III. BIASED CONSTRAINED HYBRID KALMAN FILTER

A. Linear Kalman Filter

Firstly, we extend the state vector as 𝒙𝑡 = [𝑝𝑋𝑡 𝑝𝑌𝑡 𝑝̇𝑋𝑡 𝑝̇𝑌𝑡 ]
𝑇 ,

where 𝑝̇𝑋𝑡 and 𝑝̇𝑌𝑡 are the velocity elements in each coordinate.
In the LKF algorithm, the observation is denoted as 𝒚𝑡 =
[𝑝𝑋𝑡 𝑝𝑌𝑡 ]

𝑇 , where 𝑝𝑋𝑡 and 𝑝𝑌𝑡 is obtained from (4). Then, the
prediction model can be illustrated as:

𝒙𝑡 = F𝑡𝒙𝑡−1 + 𝒒𝑡 (5)
978-1-5386-2723-5/17/$31.00 ©2017 IEEE 



where 𝒒𝑡 ∼ 𝒩 (0,Q𝑡) is the prediction noise, and F𝑡 is the
linear transition matrix:

F𝑡 =

⎛
⎜⎜⎜⎜⎝

1 0 △𝑡 0

0 1 0 △𝑡

0 0 1 0

0 0 0 1

⎞
⎟⎟⎟⎟⎠ (6)

where △𝑡 indicate the time interval. And the observation
model is:

𝒚𝑡 = H𝑡𝒙𝑡 + 𝒗𝑡 (7)

where H𝑡 is the observation matrix:

H𝑡 =

(
1 0 0 0

0 1 0 0

)
(8)

And 𝒗𝑡 is the observation noise and the covariance of 𝒗𝑡, R𝑡.
Note that, there is an inherent bias in the observation, the LKF
can not achieve optimal estimation. However, LKF can reduce
the bias and use the results for further estimation. Then, the
prediction step of the LKF is:

𝒙̂𝑡∣𝑡−1 = F𝑡𝒙𝑡−1 (9)

P𝑡∣𝑡−1 = F𝑡P𝑡−1F
𝑇
𝑡 +Q𝑡 (10)

In the update step:

K𝑡 =
P𝑡∣𝑡−1H

𝑇
𝑡

H𝑡P𝑡∣𝑡−1H
𝑇
𝑡 +R𝑡

(11)

And the LKF estimation is:

𝒙̂𝑡∣𝑡 = 𝒙̂𝑡∣𝑡−1 +K𝑡(𝒚𝑡 −H𝑡𝒙̂𝑡∣𝑡−1) (12)

where 𝒙̂𝑡∣𝑡 is the bias reduced state estimation, and the state
covariance is:

P𝑡∣𝑡 = (I−K𝑡H𝑡)P𝑡∣𝑡−1 (13)

B. Unscented Kalman Filter

Since the state vector is already predicted in the LKF, we
can directly generate sigma samples in the UKF via unscented
transformation:

𝒙𝑖
𝑡 =

⎧⎨
⎩

𝒙̂𝑡∣𝑡 𝑖 = 0;

𝒙̂𝑡∣𝑡 + (
√

(𝑛+𝒦)P𝑡∣𝑡)𝑖 𝑖 = 1, . . . , 𝑛;

𝒙̂𝑡∣𝑡 − (
√

(𝑛+𝒦)P𝑡∣𝑡)𝑖 𝑖 = 𝑛+ 1, . . . , 2𝑛.

(14)
where 𝑛 is the dimension of vector 𝒙𝑡, 𝒦 is the scale
parameter which control the spread of sigma points, and
(
√
(𝑛+𝒦)P𝑡∣𝑡)𝑖 indicates the 𝑖th column of the squared root

of
√

(𝑛+𝒦)P𝑡∣𝑡. Considering the constraint region, we adapt
𝒦 to ensure all 𝒙𝑖

𝑡 are within the region, which is {𝒙𝑖
𝑡}2𝑛𝑖=0 ∈ S

and S is constructed according to (3). The associate weights
for the sigma points are defined as:

𝑤𝑖
𝑡 =

{ 𝒦
𝑛+𝒦 𝑖 = 0;

𝒦
2𝑛+𝒦 𝑖 ∕= 0.

(15)

The expectation of the sigma points is:

𝒙̂𝑡 =

2𝑛∑
𝑖=0

𝑤𝑖
𝑡𝒙

𝑖
𝑡 (16)

and the covariance of the state is:

P𝑥,𝑡 =
2𝑛∑
𝑖=0

𝑤𝑖
𝑡[𝒙

𝑖
𝑡 − 𝒙̂𝑡][𝒙

𝑖
𝑡 − 𝒙̂𝑡]

𝑇 (17)

Then, we have 𝒛𝑖
𝑡 = h𝑡(𝒙

𝑖
𝑡) and the expectation 𝒛𝑡 =∑2𝑛

𝑖=0 𝑤
𝑖
𝑡𝒛

𝑖
𝑡. The covariance of 𝒛𝑖

𝑡 is formulated as:

P𝑧,𝑡 =

2𝑛∑
𝑖=0

𝑤𝑖
𝑡[𝒛

𝑖
𝑡 − 𝒛𝑡][𝒛

𝑖
𝑡 − 𝒛𝑡]

𝑇 (18)

And we also have:

P𝑥,𝑧,𝑡 =

2𝑛∑
𝑖=0

𝑤𝑖
𝑡[𝒙

𝑖
𝑡 − 𝒙𝑡][𝒛

𝑖
𝑡 − 𝒛𝑡]

𝑇 (19)

The Kalman gain can be expressed as:

Ku𝑡 = P𝑥,𝑧,𝑡P
−1
𝑧,𝑡 (20)

Then, the final position state is attained:

𝒙̄𝑡 = 𝒙̂𝑡∣𝑡 +Ku𝑡(𝒛𝑡 − 𝒛𝑡) (21)

where the state covariance is P𝑡 = P𝑥,𝑡−Ku𝑡P𝑧,𝑡Ku
𝑇
𝑡

IV. EVALUATION

A. Simulation Results of BC-HKF

We compare the estimation performance of UKF, BC-HKF,
min-max algorithm, the traditional CRLB for unbiased esti-
mator and the biased CRLB. In the simulation, we randomly
deploy 30 anchors in the playing field. The target runs a
random walk with a constant speed or stands still in a random
position.

Firstly, we adapt the variance of the measurement noise for
each anchor from 0.5m2 to 5.5m2. The RMSEs are listed in
Fig. 1. It is clearly indicated that the biased CRLB is generally
lower than the unbiased CRLB. The performance of the min-
max algorithm and the UKF are higher than the CRLBs. The
estimation error of the BC-HKF is generally lower than the
CRLB and approaching to the biased CRLB, which indicates
that the recursive features of the LKF and UKF can both
reduce the bias and the covariance of the estimation.

In this simulation, the measurement noise is 3m2. As shown
in Fig. 2, the RMSE of the biased CRLB is always lower than
the CRLB. Still, both of the min-max and UKF perform worse
than the CRLB. The RMSE of the BC-HKF may gradually
converge to the biased CRLB and achieve the optimal value.
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Fig. 1. RMSEs for different measurement noise variance.
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Fig. 2. RMSEs of the sequential position estimation.

B. Real-World Experiment

We employ an indoor localization reference system to
evaluate our proposed algorithms. In this system, we deployed
17 wireless sensor nodes either along the corridor or in the
offices of our research building. A robot carrying a sensor
node as the target moved along the corridor of the building
with constant speed while recording its own positions [6]. The
error of the record positions is less than 15 cm, which can
be seen as the actual positions. Figure 3 depicts the map of
our experimental building. The triangles, which are randomly
deployed, mark the sensor node positions. The ranging value
is obtained based on TOA. In this experiment, we compare
three localization algorithms, which are min-max, UKF and
BC-HKF. The estimation trajectories are listed in Fig. 3.

The cumulative distribution function (CDF) of the RMSEs

Actual trajectory
UKF
BS−HKF
Min−Max
Anchor

Fig. 3. Building layout for indoor localization experiment and the robot
trajectory. The triangles mark the positions of sensor nodes which are placed
either in the offices or along the corridor.
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Fig. 4. Cumulative Distribution Function Comparison.

are presented in Fig. 4. In general, the BC-HKF outperforms
other two algorithms. The average error of the min-max
algorithm is about 0.7156m, which indicates a significant bias.
The UKF has about 0.3511m bias average error. With BC-
UKF, the estimation bias can be reduced to 0.1m, which is
negligible. The min-max is generally better than the UKF
even the bias of the min-max is higher. In both simulation
and experiment, the biased algorithm can outperform the UKF
which shows robust feature to the complicated environment.

V. CONCLUSION

Biased localization algorithms show several advantages if
the estimation bias is properly reduced. In this paper, we
propose a hybrid constrain Kalman filter, named BC-UKF,
which employs the min-max algorithm to construct the con-
strain region, the LKF to reduce the inherent bias and the
UKF to achieve the optimal estimation. The simulation and
experimental results demonstrate that our algorithm is robust
to the complicated environment and can achieve the optimal
estimation.
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